An activity-theoretic approach to multi-touch tools in
early maths learning
Silke Ladel & Ulrich Kortenkamp
CERMAT, University of Education Karlsruhe, Germany
In this article we present an activity theory based framework that can capture the complex situations
that arise when modern technology like multi-touch devices are introduced in classroom situations.
As these devices are able to cover more activities than traditional, even computer-based, media, we
have to accept that they take a larger role in the model of interactions. We reflect this fact by
moving the artefact into the center of our observations, leading to an artefact-centric activity theory
(ACAT).
The theory was developed in the need of analyzing learning environments for primary maths
education. We will start by showing an example of such a learning environment as well as the
technological approach to it. Next, we will develop our framework that is based on Engeström’s
structure of human activity systems (Engeström 1987). We will detail how the different interactions
correspond to aspects from mathematics education, programming, human-computer-interaction and
pedagogy. In particular, we can isolate the process of instrumental genesis (Artigue), the different
levels of activity theory in internalization and externalization mediated by the multi-touch
environment, social interaction in group learning in the view of instrumental orchestration (Trouche
& Drijvers) and design principles for computer-based tools (Ladel).

1.

Multi-touch environments and the ACAT theory

In the last years the human-computer-interface has been evolved from indirect manipulation via a
keyboard or mouse to direct manipulation using touch-sensitive interfaces. In fact, through the
introduction of devices like the iPhone or, more recently, the iPad, we see a rapid adoption of multitouch-interfaces in all age groups, including primary school students.
Multi-touch technology can capture multiple touches on a screen and convert these into actions into
events that can be interpreted by appropriate software. In the simplest case this might be mouse
actions like mouse clicks and mouse drags, but due to the fact that several touches can be combined
into gestures it is possible for the user to give more information than just translations (that
correspond to dragging the mouse) or (x,y) positions (that correspond to clicking the mouse). With
two fingers it is easily possible to rotate or scale – or move several objects at once, each in a
separate direction.
It is obvious to use such technology for young children in technology enhanced learning
environments: (1) The user interface is easy to understand (sometimes even natural) and does add
unnecessary complexity to the learning process; (2) The direct manipulation enables children to
work with virtual manipulatives directly instead of being mediated through another input device; (3)
It is possible to create environments with large screens (like multi-touch-tables) that encourage
collaborative learning and communication of the children.
In order to create such learning environments it is helpful to invoke an educational design pattern.
In our case, we would like to create a constructivist environment that enables children to move
between different representations of numbers. They should be able to work enactively with the

virtual manipulatives, those are presented in iconic form, and – depending on the activity – can be
transferred automatically either simultaneously or on demand into symbolic representations.
An inherent problem of multi-touch environments is their enormous flexibility. By focussing on
direct manipulation via multiple touches we can specify the input channel of our environment. For
the visualization, the output channel, we must choose iconic and symbolic forms that are suitable
for representational transfer. Using a multi-touch programming environment (Richter-Gebert &
Kortenkamp, 2006) we are able to specify the connection between the input channel and the output
channel. This program, together with the multi-touch hardware creates an artefact that mediates
between the actors (the children) and the objects of doing (the virtual manipulatives). The children
can only manipulate within the limitations set by this instrument (Engeström 1991).
“Studying the changes that learning environments undergo when technologybased artifacts are introduced means analyzing how activity changes as
consequence of tools’ introduction and how this change is meaningful for the
students and the teachers.” (Bottino & Chiappini, p. 841)
The inherent complexity of an environment based on multi-touch calls for a theory that is able to
guide us in analyzing it. Because multi-touch seems to be the central concept in our setting, we
move it into the center of our theory, artefact-centric activity theory (ACAT).
The diagram below, adapted from (Engeström 1991), shows the resulting interrelations.
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Fig. 1: The ACAT theory

The main axis of interaction is along the subject–artefact–object line. A subject, here the student(s),
externalizes its concepts regarding an object (in our case: numbers) via an artefact (the multi-touch
environment with its virtual manipulatives). The artefact itself externalizes the object through a
suitable representation and visualization. The object is encoded into the artefact: the artefact is
limited to the object’s properties and aspects. The essence of being a number determines the
artefact’s behavior. Through manipulating the artefact, the student can experience the “numberness”
mediated by it.

The role of mathematics education is to devise the rules that lead to the design principles used for
creating the artefact. Mathematics and mathematics education traditionally create models for
abstract objects together with rules to work with these models. Through the rules we define the
object formally (externalizing it) and the rules are made to capture the nature of the object in the
best way possible (internalization). Once such a set of rules is available, we can derive the
discipline specific design principles for creating artefacts, that add to the general design principles
from psychology and multimedia design (Mayer 2005).
A multi-touch-table is particularly well suited for working in groups. One factor is the size of the
table as compared with a usual PC or laptop screen. However, this could also be achieved by
projecting the display to a larger screen. More influential is the possibility to work at the same time
as the students do not have to take turns with the mouse. It is hardly possible to fight for the input
device if this is available to everybody at the same time. It has been shown that bullying effects
(high achieving students take over in an activity by occupying the mouse) and non-subject specific
communication that involves agreement discussions about “who is next” are drastically reduced in
multi-touch environments, and students engage more in fruitful communication that is close to the
topic (Harris u.a. 2009). Therefor, the group arrangement must be taken into consideration. We will
detail this in the section on instrumental orchestration.
While a multi-touch-artefact seems to be an enabling technology as it provides lots of possibilities
to work with virtual manipulatives that can act in numerous ways, we must stress that it is also, if
not primarily, a limiting technology. We want to restrict the students’ externalizing actions to
support the internalization of specific properties of the objects in consideration. Thus the mediation
through the artefact is characterized by restriction and focussing.

2.

Conceptualizing mathematics knowledge through the creation of rules for
design principles and implementation of artefacts in ACAT

n
tio
za
ali

n
tio
za
ali

n
ter
Ex

n
ter

In

For the analysis and further presentation of our
theory we concentrate on the upper right triangle of
rules
the ACAT theory from Fig. 1.
In Fig. 2 we replaced the generic artefact and object
with two concrete examples, the multi-touch table
design
mathematics
MTT and numbers and operations, our object of
principles
education
interest for teaching and learning. The
externalization is handled by visualizing numbers
(for example through tokens, symbols or by
programming
locations on the number line). The internalization
numbers
MTT
operations
has to be done through programming the multivisualization
touch environment suitably. We will give an
Fig. 2: The upper triangle
example to illustrate this two-way process.
The number 8 can be seen as the sum of 5 and 3. An
artefact that is used for working with numbers and considers the part-whole-concept as a
fundamental principle of numbers that should be reflected in its behavior must be able to split 8
grouped tokens into two parts, say, 5 tokens and 3 tokens that are still in groups. This operation
must keep the operation history, that is, the 5-group and the 3-group must “know” that they
originated from the 8. A student asking for a representational transfer of the 5 and the 3 into
symbolic form should receive the information that 8 = 5+3. The programming of the environment
has to store this process information. The part-whole-concept becomes manifest in the coding of the
artefact.

Using fingers and finger symbol sets is a common strategy in early maths. It is possible to transfer
this into rules for designing MTT environments. For example, the “power of five” (Krauthausen
1995), that is using groups of five or ten to support the quasi-simultaneous recognition of quantities,
tells us to group tokens automatically in groups of five or to offer an easy way to put five tokens at
a time on the table (Ladel & Kortenkamp 2009). We sketch the underlying theory from mathematics
education in the following section. We emphasize that due to the ACAT theory we can pinpoint the
essential areas of investigation and see exactly where programming, visualization, design and the
interplay with mathematics education are located.
2.1. Part-whole concept and Finger Symbol Sets
Many difficulties that certain children have in learning arithmetic arise from the fact that their
concept of numbers and operations is only insufficiently developed. There exist two main concepts
of numbers, the ordinal and the cardinal. The ordinal concept is the first concept children acquire. In
this concept the verbal number row is understood as an ascending ordered row, in which every
number has its fixed position, e.g. the number 7 means the 7th position in the number row (s. Fig.
13left). If a child does connect the last called number not only with the last object but with the
whole quantity, it has developed an understanding for the cardinal concept (s. Fig. 3 right).
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Fig. 3: the ordinal concept (left): numbers as position in the number row and the cardinal concept (right): numbers as a
quantity

The part-whole concept is a a further development of the cardinal concept. Numbers are now seen
as a whole of smaller parts. With this concept it is possible to compose a quantity, e.g. 7, in the
different parts, e.g. 5 and 2 or 4 and 3 etc.

Fig. 4: the part-whole concept

The part-whole concept of numbers is already a first, a static concept of addition and subtraction.
With the number triple whole - part 1 - part 2 it is always possible to formulate four equations:
W = P1 + P1; W = P2 + P1; W - P1 = P2; W - P2 = P1
As we can already see the part-whole concept accentuates the complementarity of addition. It is
also essential for further learning of mathematics:
“The protoquantitative part-whole schema is the foundation for later understanding of
binary addition and subtraction and for several fundamental mathematical principles,
such as the commutativity and associativity of addition and the complementarity of
addition and subtraction. It also provides the framework for a concept of additive
composition of number that underlies the place value system.“ (Resnick et al., 1991, p.
32).

If a child is using the ordinal concept of numbers for addition and subtraction, those operations has
the only meaning of counting forward or backward in the number row. This may work with smaller
numbers but leads to problems at the latest when the number range is higher than 20, e.g. 47+52 or
82-63. Hence it is very important that a child performs the transition from the ordinal to the cardinal
concept and develops the part-whole concept of numbers. We think there is a way to enhance the
development of the part-whole concept by using Finger Symbol Sets (cf. Brissiaud, 1992). The use
of fingers has a very bad reputation because they are often used in the way tagging one by one. This
way equates to the ordinal concept of numbers. Finger Symbol Sets means the use of fingers in the
sense of the cardinal concept. In this way we can benefit from the natural decomposition of the
fingers in fives and tens. This is an important fact related to the ability of quasi-simultaneous
acquisition of numbers. Quantities bigger than four can be identified quasi-simultaneously by
composing smaller parts. E.g. “6” is presented by one hand of 5 fingers and 1 single finger. As
researches show (cf. Ladel, 2011) children are able to recognize quantities that are represented by
fingers very quick by relating them to 5 (one hand) or to 10 (two hands / one person). To the
question why they are able to tell the quantity of shown fingers so quick they answer e.g. „Because
it is five and three.“ or „Because it is ten minus one.“

Fig. 5: counting word tagging to number (left) and Finger Symbol Sets (right) with 9 = 10 - 1

One task that we offer to the children to support the development of the part-whole schema is the
presentation of numbers. They have to produce tokens by putting their fingers on the multi-touch
table. In non-multi-touch learning environments the children have to produce the tokens
sequentially or via a direct symbolic representation. In our approach, they are able to present a
quantity like “seven“ by putting seven fingers on the table – all at once. This is an advantage of
computer-based learning environments that leads the children to compose quantities not one by one
but in bigger parts (cf. Ladel & Kortenkamp 2009). As researches show it is a good way to convince
children that this is the better way by writing the equation of producing the quantity, e.g.
6=1+1+1+1+1+1 is much longer than 6=5+1.
As it does not matter which of its fingers a child uses, this activity supports the process of
abstraction (cf. abstraction principle (Gelmann & Gallistel, 1978)). To present the quantity „2“ you
can use the thumb and the forefinger, but you can also use the forefinger and the middle finger, etc.
It is important not to store the picture in mind but the quantity, because e.g. if you are in Germany
„two“ is represented by the thumb and the forefinger, in Turkey you use the forefinger and the
middle finger. The important thing is the quantity of shown fingers. At the same time, this opens the
possibility of different left-right-hand-decompositions like 7=5+2 or 7=4+3 (s. below).
Especially the decomposition in tens helps to understand the decimal number system. Another task
that we offer to the children is to present higher quantities, e.g. 43. How many children do we need
to present 43 all at once? How many children have to lay down all 10 fingers? How many fingers

does the fifth child have to lay on the table? Another example may be “13” that is presented by one
person (1 tens = 10 ones) and a second person with 3 fingers so we have tens and ones.

3.

AT-based Analysis of Internalization and Externalization Between Subject
and Artefact

Before we can describe the process of
internalization and externalization between
automatic grouping by five if
subject and artefact we must present an
moved with one hand
example of a multi-touch learning
environment and describe the technical
implementation in more detail.
In the learning environment (Fig. 6) we ask
students to place a certain number of (virtual)
tokens on the table as fast as possible. This
number is within the range of up to one
border zone
hundred tokens. We expect students that have a
Fig. 6: Example learning environment
fully developed number concept to use the
structure of 10’s to quickly reach a number such as 43
by placing four times 10 tokens and then the remaining 3.
Placing tokens is done by moving one or more fingers from a specially designated “border zone” of
the table into the center of the table. If students use a full hand the five tokens associated to the
fingers are grouped into a bar of five. These bars of five can easily be recognized and used for
keeping the process structure (using a full hand) in a visual form. Students can use this to make use
of their number concept for easier (and faster!) placing of the correct number of tokens. The
learning environment can support the students by allowing for a restructuring in fives and tens
automatically or on demand. It remains a research question whether students can develop their
number sense better if they are offered such structuring aids. The environment can be used either
for diagnosis of the development of the number concept of the students or, in a second step, it could
be used to enhance their concept using a supplantation approach with automatic structuring aids as
described.
In both cases it is helpful to view the work of the students at
activities
the table in the light of AT (Kuuti p. 30): The activity in
actions
operations
question is solving the task to place 43 (or any other
number) of tokens on the table. Students will work on
several such activities during a session. As we ask them to
Fig. 7
solve as many number placing tasks as possible during a
certain time frame they must work goal oriented. In the
Internalization
artefact
framework of Activity Theory we recognize a clear
subject
Externalization
orientation towards the object: Students with a better
understanding of numbers and their structure, that is with a
fully developed number concept, can work on the activities much faster than students without such
a competence. The activity – to transform the symbolic representation of a number into a cardinaliconic representation – is created by our desire to understand the development of the students’
number concept.
Each activity is divided into several actions of the student. Here, an action is the movement of one
or several tokens from the border zone onto the table. Each of these actions consists technically of
several touch-drag-release sequences on the table. Every single touch-drag-release sequence

43

corresponds to an operation. Depending on wether these Activity
solving task
operations are carried out simultaneously or not, it can be
judged through the programming of the artefact whether
the student uses the “power of five” by himself or not.
Action
dragging token(s)
When the operations are both spatially and temporarily
local – that is, they are taking carried out at almost the
same time and place – the artefact will amplify the
Operation
touch-drag-release
structuring approach of the student by creating a bar of
sequence
five instead of five separate tokens.
Fig. 8
From the students’ perspective the actions will be
collapsed into operations if they work within the environment, as they will not consciously move
single fingers but full hands (or several fingers if they place less than five tokens). Still, from a
technical point of view and for the design of the learning environment it is helpful to stay with the
granularity of operations, as they are the key to implementing the rules for the multi-touch artefact.
Collapsing the actions is only useful if we can rely on libraries for creating multi-touch
environments that integrate the programming for operations and actions in a math-education-based
manner. While this calls for creating programming environments that support maths education
concepts, we do not know of any such environment that is freely available yet.1 This is different for
mathematics – there are special environments that encapsulate mathematical theory and offer this to
the designer of activities (Richter-Gebert & Kortenkamp, 2010). This is the reason why we chose
Cinderella for implementing our prototypes, as this can handle multi-touch input and supports
mathematics properly. In this software, multi-touch operations are supported via a touch-locality
mechanism: For each finger (or touch-drag-release sequence) a separate context is created that can
be handled individually. For the technical details we refer to (Richter-Gebert & Kortenkamp, 2011)
as well as the implementation overview in (Ladel & Kortenkamp, 2011).
Students can realize each activity using different actions. We suppose that the choice of these
actions depends on the model(s) the children use for representations of quantities. A student using
the power-of-five approach already (say, by placing 5+5, 5+5, 5+5, 5+5, 3 to create 43) will benefit
from creating tokens with one or two hands at the same time instead of creating them one-by-one or
creating them in varying quantities (say, by placing 4, 7, 7, 6, 8, 9, 2 tokens to create 43). These two
approaches can be differentiated by the artefact by combining the operations into actions and
classifying each of them.

4.

Instrumental genesis within ACAT

The internalization and externalization between student and artefact that constitutes of the activities,
actions, and operations (A-A-O) as illustrated in the preceding section captures the instrumentation
and instrumentalization of the learners. By transforming the tokens that mediate the number
concepts (which are the underlying object) the students both can express their current understanding
and their mental representation is influenced and evolves through this process. Therefor, the A-A-O
perspective supports the instrumental genesis (Artigue), see Fig. 9. We do expect an observable
change of the students’ concepts, and we observe it by comparing how the actions and operations
change over the time while working on activities.
Thus, we can take a process-oriented viewpoint on the competence of the children with respect to
their number and operations concepts. Instead of assessing the outcome of their actions (are they
1

The Cabri Elem Creator software by Cabrilog is a very promising environment for creating maths
education aware activities. However, it does not support multi-touch yet.

able to put 43 tokens on the table?) we assess the process (how do they put 43 tokens on the table?).
In traditional environments we can only indirectly understand how developed a certain competence
is by looking at the product. In particular, standard errors can be identified that point out certain
misconceptions or under-developed competences. However, for such simple activities as putting a
certain number of tokens on a table the explanatory power of wrong (or right) results is marginal.
We can infer from the additional data from the actions and operations that occur during the activity
whether the students are on certain level of competence, or better: what stage in the instrumental
genesis has been reached.
Again, the limiting aspect of a virtual manipulative is (positively) influencing the learning process.
Without the limitations through the environment students could do anything with the tokens, which
we want to prevent. For example, students cannot create stacks of tokens, but they have to place
them next to each other. This restriction together with the automatic structuring of bars of five helps
them to use the grouping aspect for subitizing quantities. Bundling quantities by building stacks is a
good approach in other contexts, but it does not help in visualizing quantities mentally.

5.

Instrumental Orchestration

activities
actions
operations

As a final aspect we ask for the location and role of instrumental
orchestration with the ACAT framework. While instrumental
instrumental
genesis
genesis is located in the interaction between subject and artefact,
instrumental orchestration is happening in the lower left triangle of
Internalization
artefact
subject
ACAT.
Externalization
In first experiments of our group we could confirm the results of
instrumental
orchestration
Harris that in the multi-touch environment students communicate
task-specific instead of role-taking specific (Dohrmann, 2010),
confirming the results of (Harris, 2009). The teacher is unburdened
from micro-organizing as the students can work with equal rights
group
and at the same time. The role of the teacher changes here. In fact, Fig. 9
we need the teacher for supervising the work of the students with
respect to mathematics education aspects. As the multi-touch table does not and cannot observe how
students work with their fingers before they touch it, the teacher should do so. If a student counts
fingers in the air before placing them on the table, this is not recognizable for the artefact as a
counting approach. The teacher has then the option to intervene and either encourage the students to
work differently or help them one-to-one.

6.

Conclusion

Multi-Touch technology is a complex technological solution that involves numerous changes
compared to traditional media. This affects both the interaction of the students with the artefacts
(usually via virtual manipulatives) and the interaction of the artefacts with the objects (that is the
mathematical content to teach). Also the orchestration of such instruments is of particular
importance, as multi-touch-environments bear the opportunity of collaborative learning. Through
the lens of a variant of Activity Theory that places the artefact in the center of attention (ACAT) we
can locate the various areas of didactic and pedagogic design that have to be taken into account.
The assessment of learner’s progression can move from a product-centric to a process-centric
perspective. Through computer-based analysis of operations as the most granular events we are able
to identify typical actions for the different competence levels of students working with numbers and
number operations.
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